We propose the multi-state complete-active-space second-order perturbation theory spin-orbit method (MS-CASPT2-SO) for electronic structure calculations. It is a two-step spin-orbit coupling method that does not make use of energy shifts and that intrinsically guarantees the correct characters of the small space wave functions that are used to calculate the spin-orbit couplings, in contrast with previous two-step methods.
I. INTRODUCTION
In electronic structure two-step spin-orbit coupling methods, dynamic correlation is handled in the first step, using the spin-free part of the Hamiltonian and a large configurational space in variational or perturbational schemes. Then, spin-orbit coupling is handled in the second step, using an effective Hamiltonian and a small configurational space in spin-orbit configuration interaction (CI) calculations. In these methods, the effective Hamiltonian contains explicit energy shifts, which are a mean to transfer dynamic correlation effects from the first step to the second step in a simple and effective manner.
1-3
It has been found that the energy shifts of the spin-orbit free levels, which are driven by their energy order within each irreducible representation, can lead to anomalous results when avoided crossings exist with significant change of character of the wave functions at each side, which take place at different nuclear positions in the large and in the small electronic configurational spaces. In these cases, the shifts must be assigned according to the characters of the wave functions. 4 This usually implies analyses of wave functions in both configurational spaces.
The ultimate reason behind these problems, which are present in the available two-step methods, 1-3 is the different nature of the wave functions of the spin-free states in the large and in the small configurational spaces, so that, even when the avoided crossings do not exist or when they take place at the same nuclear positions in the large and in the small spaces, such a different nature makes the spin-orbit couplings calculated in the small space not as accurate (meaning as close to the spin-orbit couplings calculated in the large space)
as desired.
Here, we propose the multi-state complete-active-space second-order perturbation theory spin-orbit method (MS-CASPT2-SO). It is a two-step method that does not make use of energy shifts and that guarantees by construction the correct characters of the small space wave functions that are used to calculate the spin-orbit couplings.
II. THE MS-CASPT2-SO METHOD
Let us assume we have a many electron system with a HamiltonianĤ which is made of the addition of a spin-free contribution,Ĥ SF , and a spin-orbit coupling contribution,Ĥ SO :
In the spin-orbit free MS-CASPT2-SO method, the procedure is initially the same as the MS-CASPT2 procedure: 5, 6 Several state-average complete-active-space self-consistentfield SA-CASSCF (or CASCI) states are calculated, which define a reference configurational space called the P space. Let us collect them in the row vector
), where p is the total number of SA-CASSCF states.
These wave functions can be classified according to their values of spin quantum numbers and symmetry group irreducible representations and subspecies, SM S Γγ, but we will omit these labels here for simplicity.
In spin-orbit free MS-CASPT2 calculations, the SA-CASSCF wave functions are used as a basis to calculate the matrix of a spin-free second order effective Hamiltonian,Ĥ 
where E M S2 is a diagonal matrix with the MS-CASPT2 energies E
, as the diagonal elements and U is a unitary transformation of the original SA-CASSCF wave functions that preserves the SM S Γγ values,
Obviously, the modified SA-CASSCF wave functions Ψ CAS ′ also span the P space. What is important is that they are the appropriate zeroth-order basis for a second-order perturbation theory treatment of the dynamic correlation that leads to the MS-CASPT2 energies 6 and they have the appropriate characters in correspondence with these energies.
In the MS-CASPT2 spin-orbit calculations proposed here, we can follow two alternative procedures that lead to the same result. Both of them are based on the use of the spin-dependent effective Hamiltonian that results from the addition of the spin-orbit coupling operator to the spin-free effective Hamiltonian of the MS-CASPT2 method,
In the first procedure, which is a formal two-step procedure, the regular spin-orbit free MS-CASPT2 calculation is completed and the modified SA-CASSCF wave functions Ψ CAS ′ are used as a basis for the matrix representation ofĤ ef f . The resulting matrix,
with 
where E M S2−SO is a diagonal matrix with the MS-CASPT2-SO target energies
as the diagonal elements and U SO ′ is a unitary transformation of the modified SA-CASSCF wave functions that couples the SM S Γγ values and gives the target spin-orbit wave functions,
Alternatively, in the second procedure, which is a formal one-step procedure, the original SA-CASSCF wave functions Ψ CAS are used as the basis for the matrix representation of H ef f . In order to do this, the regular spin-orbit free MS-CASPT2 calculation does not need to be completed, but only the computation of the H SF,ef f,CAS 2nd matrix used in Eq. 2, plus the addition of the matrix ofĤ SO in this basis (H SO,CAS = Ψ CAS †Ĥ SO Ψ CAS ):
Its diagonalization gives the same target energies and wave functions as the first procedure,
with Hamiltonian by imposing the requirement that, when used in the small space P of the second step, it has the same eigenvalues thatĤ SF has in the large space G of the first step. 1 In the particular case in which the first step is a MS-CASPT2 calculation and the small space of the second step is defined by the SA-CASSCF wave functions,Ĥ SF,ef f 2nd is a spin-free effective Hamiltonian that fulfills such a condition. In consequence,Ĥ ef f (Eq. 4) is the proper spin-orbit effective Hamiltonian.
III. CONCLUSION
A two-step spin-orbit coupling method for multi-state complete-active-space second-order perturbation theory calculations MS-CASPT2 is proposed which does not make use of energy shifts. It intrinsically guarantees the correct characters of the small space wave functions used to calculate the spin-orbit couplings, in contrast with previous two-step spin-orbit coupling methods, where it has to be checked externally. 
